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FOREWORD 


Tliis  report  was  prepared  at  the  Polytechnic  Institute 
of  Brooklyn,  and  was  sponsored  by  the  Aircraft  Laboratory, 
Directorate  of  Laboratories,  Wright  Air  Development  Center, 
under  Contract  Uo.  AF  1C  (600)-154,  Research  and  Develop- 
ment Order  Ho.  455-45,  "Helicopter  and  Convertiplane  Vibra- 
tion," with  Dr.  Orville  R.  Rogers  acting  as  project  engineer. 
Tliis  report  is  the  second  of  two  technical  reports  submitted 
under  this  contract.  The  first  report,  WADC  TR  53-355, 
"Helicopter  Blade-Forces  Transmitted  to  the  Rotor  Hub  in 
Flight,"  was  published  simultaneously. 
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ABSTRACT 


Based  on  a simplified  model  of  the  hub-fuselage 
structure,  a theoretical  analysis  is  made  of  the  re- 
sponse of  the  huh  and  fuselage  of  a helicopter  in 
flight  to  harmonic  forces  transmitted  hy  the  rotor  blades 
to  the  huh  both  in,  and  normal  to,  the  plane  of  rotation. 
The  assumed  structure  is  in  the  form  of  a plane  frame- 
work with  masses  concentrated  at  the  joints.  Simple 
expressions  are  derived  for  the  vibration  amplitudes 
of  the  mass  points  as  functions  of  the  masses  and 
natural  frequencies  of  the  hub  and  the  fuselage.  The 
pertinent  non-dimensional  parameters  are  determined, 
and  simple  explicit  conditions  of  resonance  are  derived. 
Numerical  examples  are  given  to  illustrate  the  results. 
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FOR  THE  COMMANDER: 


.DANIEL  D.  MC 
Colonel,  USAF 

Chief,  Aircraft  Laboratory 
Directorate  of  Laboratories 


WADC  TR  53-286 


ill 


TABLE  OF  CONTENTS 


Page 


Symbols  ▼ 

Introduction  rii 

I The  Simplified  Structure  1 

II  Basic  Dynamic  Equations  2 

III  General  Solution  of  Equations  k 

17  Resonance  and  Other  Implications  of  General  Solution  9 

7 Numerical  Examples  13 

Conclusions  16 

References  17 

Figures  1-6  18 


WADC  TR  53-286 


!▼ 


SYMBOLS 


E 


®ix»  ®i. 


e 

ixr » 


ir 


®ixt*  ®izt 


I 

®ixr 


etc . 


V '« 

»!•  '• 

f 

H 


^res. 

kA*kB»kC 

l 

M 


modulus  of  elasticity  of  material 
of  a liar. 

amplitudes  of  elastic  deflections 
of  mass  point  i (i  = l,  2,  3)  in  x 
and  z directions,  respectively,  due 
to  exciting  force  in  rotor  plane 
of  rotation  (1^*0). 

amplitudes  of  rigid-body  deflections 
of  mass  point  i in  x and  z direct- 
ions, respectively,  for  F^=0. 
amplitudes  of  total  deflections  of 
mass  point  i in  x and  z directions, 
respectively,  for  r^  = 0, 
same  as  corresponding  unprimed 
quantities,  except  that  exciting 
force  is  normal  to  plane  of  ro- 
tation (Fg^O), 

exciting  harmonic  forces  in  z and 
x directions,  respectively, 
amplitudes  of  F^  and  F^,  respect- 
ively (eqs.  (2a)  and  (2b)). 

« ^/H.  Ratio  of  fuselage 

natural  frequency  to  hub  natural 
frequency. 

= tDjj/ jQ.  . Ratio  of  hub  natural 
frequency  to  rotor  angular  speed, 
value  of  H for  resonance, 
spring  moduli  of  bars  A,  3 and  0 
respectively.  (Fig.  l).  kg=k^. 
length  of  a bar. 

• VB2  ' 

total  mass  of  blades,  pylon  and 
blade-hub  connections, 
half  of  the  gross  mass  of  the 
fuselage  . 
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^res. 


number  of  rotor  1)18108. 
cross-sectional  area  of  a bar. 
time 

(time-dependent)  total  deflations 
of  mass  point  i (i  = l,  2,  3)  in  the 
x and  z directions  respectively. 
(Tig • 1). 

direction  of  intersection  of  rotor 
plane  of  rotation  with  plane  of 
simplified  hub-fuselage  structure 

(Tig.  1). 

direction  normal  to  plane  of  ro- 
tation 

ratio  of  frequency  of  exciting 
harmonic  force  to  rotor  angular 
speed,  (eqs.  (2a)  and  (2b)). 
angle  in  hub-fuselage  structure 
(Pig.  1). 

rotor  angular  speed 
natural 
also  ea 
natural 
(see  al 

value  o 


frequency  of  fuselage  (see 

. (8)). 

frequency  of  hub  structure 
so  eq . (7) ) . 

f^for  resonance. 
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INTRODUCTION 


This  report  represents  the  second  phase  of  research 
sponsored  "by  the  Air  Force  on  the  response  of  various 
structural  parts  of  a helicopter  to  the  harmonic  forces 
transmitted  in  flight  "by  the  rotor  blades  to  the  hub. 

In  the  first  phase  of  this  research,  a detailed  analytic 
determination  (reference  l)  was  made  of  the  forces  pro- 
duced by  the  helicopter  blades  at  the  hub.  The  connect- 
ions between  the  hub,  pylon  and  its  support  on  the  fuselage 
were  assumed  as  rigid,  so  that  the  hub  and  pylon  would 
have  only  a negligble  influence  on  the  blade  forces.  In 
the  present  report,  the  forces  transmitted  to  the  hub  are 
considered  as  known,  and  the  response  of  the  helicopter 
hub  and  fuselage  to  these  forces  is  investigated.  The 
problem  here  is  thus  essentially  one  of  the  forced  vibrat- 
ions of  an  elastic  structure  induced  by  given  external 
exciting  forces. 

Although  considerable  work  on  ground  vibrations  of 
helicopters  has  been  accomplished  (for  example,  references 
2 and  3)*  relatively  little  theoretical  research  has  been 
performed  on  the  response  of  rotors  to  harmonic  exciting 
forces  in  flight.  The  chief  work,  which  is  fairly  recent, 
along  these  lines  is  reference  h,  where  an  analysis  is 
made  of  the  response  of  helicopter  rotors  to  harmonic 
blade-forces  in  the  plane  of  rotation.  The  method  of 
analysis  there  is  based  on  the  ground  vibration  analysis 
of  reference  2. 

Since  the  actual  helicopter  rotor  structure  is  com- 
plicated, it  is  necessary,  in  analyzing  theoretically  tho 
response  of  a rotor  to  harmonic  forces#to  make  dertain 
simplifying  assumptions.  In  particular  it  is  necessary 
to  assume  a simplified  rotor  and  fuselage,  but  nevertheless 
to  retain  the  essentials  of  the  aetual  structure.  For  this 
purpose,  a particularly  simple  physical  model  of  the  hub- 
fuselage  stnucture,  in  the  form  of  a plane  framework  with 
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masses  concentrated  at  the  joints,  is  assumed  in  the 
present  analysis.  In  spite  of  the  simplicity  of  such 
a model,  it  will  he  seen  that  it  Includes  most  of  the 
essentials  of  the  actual  helicopter  configuration,  such 
as  the  mass  and  elastic  characteristics  of  both  the  huh 
and  the  fuselage. 

The  analysis  in  this  investigation  is  in  a sense 
an  extension  of  that  in  referenda  4,  since  the  present 
investigation  includes  exciting  harmonic  forces  and 
consequent  motions  not  only  in  the  rotor  plane  of  rotation, 
hut  also  normal  to  the  plane.  In  fact,  the  rotor  response 
to  forces  normal  to  the  plane  will  be  shown  here  te  he 
a function  of  the  natural  frequency  of  the  fuselage, 
although  the  response  to  exciting  forces  in  the  plane 
of  rotation  is  not  a function  of  this  property.  Con- 
sequently, the  natural  frequency  of  the  fuselage  does 
not  appear  as  a parameter  in  reference  4. 

Since  the  structural  model  analysed  here  is  con- 
siderably different  from  that  treated  in  reference  4, 
the  method  of  analysis  is  also  different.  In  reference 
4>%  the  Lagrange  equations  of  motion  are  applied  to  a 
system  of  (n+2)  degrees  of  freedom  (ns  number  of  rotor 
blades),  while  in  the  present  investigation,  a fairly 
simple  application  is  made  of  D'Alembert's  principle 
to  the  motion  of  three  mass  points  essentially  connected 
by  springs.  In  spite  of  such  differences  the  final 
results  derived  here  are,  for  the  rotor  response  to  an 
exciting  foroe  in  the  plane  of  rotation,  quite  similar 
to  those  of  reference  4. 
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The  Simplified  Structure 


The  simplified  hub-fuselage  structure  assumed  in 
the  present  analysis  is  shewn  in  Figure  1.  This  may  he 
regarded  as  a symmetrical  plane  framework  with  masses 
concentrated  at  the  Joints.  The  bars  connecting  the 
three  joints  may  he  assumed  as  free  of  bending  vibration, 
so  that  only  longitudinal  vibrations  occur  in  the  bars, 
i.e.  the  bars  act  only  in  tension  or  compression.  The 
mass  m^  at  joint  1 consists  primarily  of  the  total  mass 
of  the  rotor  blades  and  of  the  pylon-hub-blade  connections. 
The  masses  m^  at  Joints  2 and  3 may  each  be  considered  as 
equal,  to  half  of  the  gross  mass  of  the  fuselage.  As  in 
the  .case  of  a helicfpter  in  flight,  the  structure  in  Figure 
1 is  assumed  to  be  suspended  freely  in  space  by  the  lift  on 
the  rotor  blades. 

The  bars  (A  and  B)  between  points  1 and  2,  and  1 and 

3,  may  be  interpreted  as  representing  the  structure  at 

the  hah  -tfhile  the  bar  (C)  between  points  2 and  3 nay  be 

regarded  as  representing  the  fuselage  structure.  These 

three  bars  can  be  treated  dynamically  as  springs  with 

elastic  moduli  k^,  k^  (*k^)  and  k^ , respectively,  where 

k,  represents  the  elastic  resistance  of  the  hub  and  k_ 

* * ® 
that  of  the  fuselage  . If  the  bars  are  regarded  as  ordinary 

structural  components  of  a framework,  then,  by  Hooke's  law, 

kA  * ®ASA^  A • kC  * Vc/tc  ^ 

It  will  be  seen  subsequently  that  it  le  mere  convenient  to 
replace  k^  and  k^  by  parameters  proportional  to  the  natural 
frequencies  of  the  hub  support  and  of  the  fuselage. 


k has  the  usual  meaning  of  force  per  elongation. 
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It  Is  assumed  that  given  external  harmonic  forces  of 
the  form 

ff  = f^  cosVil  t (2a) 

?x  = 72  C08  <2b) 

act  at  point  1 (figure  l)  in  the  z and  x directions, 
respectively,  where  * is  normal  to  the  rotor  plane  of 
rotation,  and  x is  perpendicular  to  z and  in  the  plane  of 
the  (simplified)  structure  of  huh  and  fuselage.  and  7 ^ 

are  given  constants,  i.e.  independent  of  time,  and  are 
considered  as  representing  the  magnitudes  of  the  net  forces 
transmitted  hy  the  rotor  hlade  system  to  the  huh  in  direct- 
ions normal  to,  and  in,  the  plane  of  rotation,  respectively 
If  the  blades  are  balanced,  and  only  a single  harmonic  is 
assumed  to  he  transmitted  to  the  huh,  then,  as  shown  in 
e.g.,  reference  1, 

)>  =n  (3) 

where  n is  the  number  of  rotor  blades. 

II 

Basic  Dynamic  Equations 


The  equations  of  motion  for  each  mass  point  in 
figure  1 can  he  derived  hy  applying  D'Alembert’s  theorem 
of  inertia  forces,  and  assuming  that  each  bar  exerts  a 
restoring  force  which  acts  in  the  direction  of  the  lon- 
gitudinal axis  of  the  bar,  and  which  has  a magnitude 
proportional  to  the  elongation  and  to  the  spring  modulus 
(k)  of  the  bar.  Let  u^,  and  v^  denote  the  displacements  of 

the  mass  point  i in  the  x and  z directions,  respectively, 

and  let  it  be  assumed  that  these  displacements  are 
sufficiently  small  so  that  only  first-degree  terms  in  these 
displacements  need  be  taken  into  account.  Then  the  elongat 
ion  (A  I ) of  each  bar  will  be: 

(A  l )j=  (u^-Ug)  ces  0 + (▼1~^2)  Bin  ® 

(A  l )B=  (u^-Uj^)  cos  « + (v-j-v^)  e 

(4  l )„  = »3-u2 
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The  conditions  of  equilibrium  of  inertia,  elastic  and 
external  forces  for  each  of  the  three  mass  points  in  the 
x and  z directions  yield,  with  the  use  of  equations  (2a)t 
(2b)  and  (4),  the  following  six  linear  differential 
equations  in  the  six  unknowns  u^(t),  v (t)(i=l,  2,  3); 


“ml^l+kA  C (u2”2ul+u3^  008  6 + <V*V  8in  ®Jcos  O+PgCos t=d  (5a) 


”ml^l”kA^U3~U2 ^C0S  6 +(2v1-v2-v^)sin  «]sin  O+P^cos^fltoO  (5b) 

-m2^2+kAC (^i“u2^c08  6 +(v1-v2)sin  ©]  cos  ©+kc  (u^-UgJaO  (5c) 

“m2^2+kA^Ul“U2^C°8  e+  (▼1”V2)sin  ©3 sin  6 = 0 (5d) 

— m ii-+k  [(u,-u_)cos  6 +(r--T1)sin  6]cos  ©+k.(u  -u  )=0  (5e) 

2 3 A 1 3 31  O Z3 

-m2V^+kA[ (u^-u^)  cos  © + (Vj-v^Jsin  ® J = 0 (50 


As  indicated  previously,  the  hub  and  fuselage  structural 
properties  can  be  characterized  by  natural  frequencies  instead 
of  by  the  spring  moduli,  although  the  natural  frequencies  are 
determined  by  the  spring  moduli.  Such  natural  frequencies 
can  be  obtained  by  first  considering  the  motion  of  the  hub 
without  the  motion  of  the  fuselage.  In  the  simplified 
structure  of  Figure  1,  this  can  be  interpreted  as  letting 
points  2 and  3 be  fixed,  while  only  point  1 is  free  to 
move.  The  natural  frequency  thus  obtained  would  be  that 
of  a structure  composed  of  (massless)  springs  A and  B with 
ends  fixed  in  a fixed  rigidbar  C,  and  with  a mass  m^  at  point  1. 

An  expression  for  this  natural  freouency  can  be  derived 

from  equations  (5*0  and  (5b)  by  setting  ^i=^2=U2=:U3S!T2=T3=:^ * 
and  noting  that  the  solutions  of  the  two  resulting  different- 
ial equations  denote  simple  harmonic  motions  with  frequencies 


t»-  and  u>.  , respectively,  givsn  by: 

u 9 2k. cos  © 

®hu  " *1 


(6a) 


to 


2kAsia  © 


hv 


(6b) 
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The*#  frequencies  can  be  interpreted  ae  the  natural  fre- 
quencies of  the  hub  structure  for  motion  in,  and  normal  tov 
the  plane  of  rotation,  respectively . and  can,  if 

desired,  also  be  interpreted  simply  as  reference  natural 
frequencies  defined  by  equations  (6a)  and  (6b).  Per  •*'45°, 
which  is  the  case  to  be  worked  out  in  detail  in  the  present 
analysis,  * ®hv"tBh  wkere 

92w — (7) 


Aa  expression  for  a natural  frequency  denoting  the 
elastic  stiffness  of  the  fuselag*  (without  hub)  can  be 
obtained  in  an  analogous  fashion.  Here,  one  can  consider 
the  motion,  in  the  x direction,  of  the  structure  composed 
of  the  two  masses  m^  connected  by  the (massless ) spring  of 
modulus  kg*  The  natural  frequency  of  this  system  can  be 
derived  by  setting  k^=  0 (i.e.  fuselage  isolated  from  hub) 
in  equations  ( 5C ) and  (5®)»  and  noting  that  the  simple 
harmonic  solution  of  these  equations  then  has  a frequency 
tt)f  given  by: 

m 2 _ , 2 kC (8) 

f ®2 

Thus,  kg  can  be  reriaced  by  the  physically  more  significant 
parameter  to^j  which  again  may  be  regarded  as  either  a 
reference  frequency  defined  by  equation  (8),  or  as  the 
natural  frequency  of  the  fuselage  structure,  unaffected 
by  the  hub  or  pylon  connections. 


III 

General  Solution  of  Equations 


To  obtain  the  gfi.eral  solution  of  equations  (5*0-(5f)» 
no  significant  loss  in  generality  will  be  incurred  if 
0 is  given  a specific  value.  Consequently,  it  will 
now  be  assumed  that  Moreover,  it  will  be  convenient 
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to  give  the  solution  separately  for  F^=0,  and  for  *2*®» 
since  the  solutien  fer  F^4  and  F^f  0 simultaneously  will 
simply  he  the  sum  of  these  two  separate  solutions. 

Equations  (5a)-(5*)  can  he  solved  hy  setting 

ni  ■ 'in 

Vi  “ #i!t  008  ^ ^ 

(i  - 1,  2,  3) 

where  e . . and  e.  . are  constants.  Six  linear  algebraic 

IX*  IB* 

equations  in  the  six  unknowns  e^x^  and  o^s^  are  thus 
obtained.  For  and  F^=0,  the  solution  of  these 

equations  is  found  to  he: 


* - f2 

i-(KH2/ y2i 

(10a) 

*1I“  v SL  2 

(1+M)H2  -V1 

1 

(mh2/  y 2) 

(10b) 

*2lt  ' ' imx  n 2 

(i+h)h2  - y 2 

*3xt  ” *2xt 

(10c) 

•l.t  * 0 

(lOd) 

*2*t  “ *2xt 

doe) 

m s .6 

*3st  2xt 

v 

(lof) 

For  t * 4^c  and  F^“ 

0,  the  solution  is 

found  to  he  (using 

primes  to  denote  the 

case  Fg  * 0 ) : 

*ii» ' - 0 

(Ha) 

. ■ r ?1 

M 

_ _ (H4) 

2xt  2.1  a 2 

m(  v 2-  ‘ti  )+(i- 
2 

JL ) (y2  -f2} 

H2 
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e3xt' 


el*t' 


= - e 


/ 

2xt 

I. 


-M(  1- 


2 V 


V a>2 

— (1-  2> 

EH  a 


(11c) 


(Hd) 


mi  M ( y 2 - *3L)+(1-  —)  (/-  9>2} 


2zt 


2n1  SI 


M (1- 


X.2) 


m(^2-  _£__)+ u-  -iil)  (y  2-f 2) 

2 H2 


3s  t 


= e 


2*t 


(Ilf) 


where  the  non-dimensional  parameters  are  defined  as  follows: 


M = »1/«2 

h = wh/n 

= ®f/n 

M is  a mass-ratio  parameter,  v/hile  H and  <p  are  elastic 
parameters  of  the  hub  and  the  fuselage  structure,  respectively. 

Since  the  structure  analyzed  here  is  suspended  freely 
in  space,  it  follows  that  the  three  mass  points  can  be  dis- 
placed in  such  a manner  that  the  entire  structure  moves 
as  a rigid  body.  The  expressions  given  in  equations  (10a)- 
(lOf)  and  (lla)-(llf),  therefore,  include  rigid-body  dis- 
placements, and  denote  the  sum  of  such  displacements  and 
elastic  displacements.  (The  subscript  "t"  has  consequently 
been  used,  to  denote  "total"  displacements . ) The  rigid- 
body  displacements  themselves  can  be  derived  from  equations 
(lOa)-(llf)  by  letting  H — > o and  ^ * ■'  oo  there  | i • © • "by 
letting  the  huh  and  fuselage  become  infinitely  stiff.  The 
following  expressions  (denoted  by  subscript  "r")  are  thus 


(He) 
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obtained  for  the  rigid-hody  displacements  (with  ©=  45°) 


for  F 

^ = 0 and  for  F^=  0,  respectively: 

elxr 

Is  ) I « ) 

( a2  v 2 ! 1 1 * M ' 

(13a) 

e2xr 

= 'lxr/2 

(134) 

®3xr 

elxr^2 

(13c) 

elzr 

= 0 

(13d) 

®2  *r 

■ *lxr/2 

(I3e) 

®3zr 

’ ' elxr/2 

(13f) 

/ 

e 

lxr 

= 1 

( l4a) 

/ 

*2xr 

= 0 

(l4h) 

/ 

°3*r 

= 0 

( l4c ) 

/ 

elzr 

. -(  ) I K ) 

( mx  il  2 v 2 ' ( 2+  M } 

(l4d) 

/ 

®2zr 

/ 

6lzf 

(l4e ) 

*3zp 

/ 

®lzr 

(l4f) 

As  a check  on  these  expressions  it  can  he  verified  from 
equations  (4)  that  if  the  displacement  amplitudes  are  given 
"by  equations  (I3a)-(l4f),  then  the  elongation  of  each  har 
will  he  zero. 
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The  displacement®  which  are  probably  of  the  moet 
pratlcal  interest  here  are  the  elastic  displacements, 
which  may  be  denoted  as  e^x  and  e^  (subscripts  "r" 
and  "t"  are  omitted),  and  which  can  be  defined  by  relatione 
of  the  formt 


ix 


ixt 


"lir. 


(15) 


Substitution  of  equations  (10),  (ll),  ( 13 ) and  (1*0  late 
equations  (15)  leads  to  the  following  expressions  for  the 
elastic  deflections  of  the  three  mass  points: 


T2 

. l 

1 

(16a) 

®lx 

®1  fl  2 

1 + M 

(l+MjH2  - 2 

®2x 

-(M/2)  elx 

(16b) 

®3*  “ 

-(M/2)  elx 

(16c) 

e,  « 
Is 

0 

(l6d) 

®2x 

-(M/2)  elx 

( I6e ) 

®3*  = 

(M/2)  elx 

(I6f) 

/ 

®lx 

= 0 

(17a) 

/ 

M 

( 176) 

®2X  * 

2«x  SI  2 

M(j/2-  ?2)+(l 

-M2)()/2-  9>2) 
H2 

/ 

*3* 

/ 

/ 

ss  -e 

2x 

1 (2/H2) 

(i>  2-.f2)  - M 

(17c) 

®l. 

m 

■i  il 

2*M  h <y  2. 

jlL  )■»•(!-  jd) 

(y2-  ?2) 

2 2 
4 H c 


*3«  * -(n/2).^ 


(I7e) 

(I7f) 


(I7d) 
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If  more  than  a single  external  harmonic  force  acts  at 
the  huh,  for  example  if  F = /_  ..  cos  V £Lt , then  eolation* 

(l6a)-(l7f)  remain  valid  for  each)/,  with  Fg,  for  example, 
replaced  hy  Fg^,  * and  the  resulting  expressions  for  each  V 
need  merely  he  added.  In  the  subsequent  discussion,  how- 
ever, it  will  be  assumed  that  only  a single  exciting 
harmonic  force  acts  at  the  hub,  and  that  V can  be  replaced 
by  n,  the  number  of  rotor  blades  (cf.  equation  (3)). 

IV 

Resonance  and  Other  Implications  of  General  Solution 


Equations  (l6a)-(l7f)  are  particularly  simple  general 
expressions,  quite  convenient  for  calculation,  giving  the 
response  of  the  hub-fuselage  structure  to  harmonic  forces 
transmitted  by  the  blades  to  the  hub  in  flight.  The  terms 
with  subscript  Hx"  denote  vibrational  motions  in  the  rotor 
plane  of  rotation,  while  those  with  subscript  "zH  denote 
motions  normal  to  the  plane. 

It  should  be  noted  that  for  F^=0,  i.e.  for  external 
harmonic  forces  acting  only  in  the  plane  of  rotation,  the 
deflections,  as  functions  of  the  pertinent  parameters, 
will  be  of  the  form: 

T 

• - \ /'<**, H)  (18a) 

B1  -ft- 


For  Fg^O,  i.e.  for  external  harmonic  forces  acting  onljr 
normal  to  the  plane  ef  rotation,  the  deflections  will  be 
of  the  form| 


/ 

e = 


a 


f ) 


(18b) 
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Thus,  the  deflections  are  proportional  to  the  parameters 
2 2 

) or  ),  and  are  functions  of  the  three 

dimensionless  parameters  M,  H and  Cf> . For  forces  acting 
only  in  the  plane  of  rotation,  however,  the  deflections 
are  seen  to  he  independent  of  the  fuselage  freouency 
parameter  <p  . 

Because  of  the  fact  that  in  practice  M«1 , it  will 
he  found  that  for  external  harmonic  forces  in  the  plane 
of  rotation,  e^x  will  ordinarily  have  the  largest  mag- 
nitude, This  means  that  the  mass  point  1 (Figure  l), 
corresponding  to  the  huh-rotor  hlade  connections,  will 
vibrate  with  greater  amplitude  than  mass  -points  2 and  3» 
corresponding  to  the  hub-fuselage  connections.  This  is, 
perhaps,  to  he  expected,  since  the  external  harmonic 
forces,  transmitted  by  the  blades  to  the  hub,  are  assumed 
to  act  at  point  1.  However,  for  an  external  harmonic 
force  acting  normal  to  the  rotor  plane  of  rotation,  it 
will  be  seen  subsequently  that  points  1 and  2 may  vibrate 
with  roughly  eoual  amplitudes  under  certain  special  condit 
ions  (cf.  equations  (21)  and  (22)  below). 

The  conditions  of  resonance  are  of  particular  prac- 
tical importance,  since  they  indicate  the  conditions  which 
should  be  avoided  in  actual  design.  Resonance  may  be 
defined  here  as  the  condition  under  which  the  magnitudes 
of  the  deflections,  as  given  by  equations  (I6a)-(l?f), 
become  indefinitely  large.  For  the  system  analyzed  here, 
there  will  be  two  different  types  of  resonance  conditions, 
namely  one  for  a force  acting  in  the  plane  of  rotation 
(*3=0)*  and  one  for  a force  acting  normal  to  the  plane  of 
rot at  ion  ( F =0 ) . 

For  a force  in  the  plane  of  rotation,  equations  (l6a) 
( l6f ) imply  that  resonance  will  occur  when 

( 1+M ) H2  -n2=  0 (19a) 


Therefore  the  value  (H  ) of  H for  resonance  is 

res  . 


H 

re  s . 


n 

y“i+M 


(19b) 
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Thus,  resonance  will  occur  for  a "hub  natural  frequency" 
slightly  less  than  n _0-  . 

For  a force  normal  to  the  plane  of  rotation,  equations 
(I7a)-(l7f)  imply  the  following  condition  for  resonance! 

2 2 

M(n2-  ~2~)  + (1  - — ) (n2-  ^2)  =0  (20a) 

H 


or 

2 
s 


2 


n 


n2- ( 1+M)  H2 

n2-  (1+M)  H2 
2 


(20h) 


Equation  (20h)  will  ordinarily  imply  that  for  a given  Ht 
2 2 

Cf  si  n for  resonance,  i.e,  for  a given  huh  natural  fre- 
quency parameter  H,  resonance  will  occur  when  the  "fuselage 
natural  frequency"  u)^  is  approximately  efual  to  n fL 

For  a given  fuselage  natural  frequency  parameter  d?,  the 

2 7 
value  of  & for  resonance  due  to  an  exditing  force  normal 

to  the  plane  of  rotation,  according  to  equation  (20a), 

will  he: 


H 


res 


n2 (1+M) 


) 


(20c) 


Thus,  for  a given  Cf  , Hreg  35  n,  or  ib^  5*  nXL  , for 

resonance.  If  ^On,  then  Hre8  < n,  hut  if  n<<p<  J 2 ^ n, 

then  H > n (unlike  the  case  of  resonance  due  to  an 

r © s * 

exciting  force  in  the  plane  of  rotation). 

For  a fixed  ratio  f(=®^/o)ji  = Cf /S)  of  fuselage  to  huh 
natural  frequency,  the  condition  of  resonance  is  somewhat 
different  in  nature  from  that  (cf.eouation  (20c))  for  a fixed 
fuselage  natural  freouency.  For  a fixed  f,  in  fact,  there 
will  in  general  he  two  values  of  H for  resonance,  given 
according  to  equation  (20a)  h>l 

Hre„2  = a2  MMt 2 ..fe^ISTlg  .OU±«I_ (20a) 

f2  (2+M) 


Equation  (20d),  with  M (necessarily)  positive,  implies  that 

if  (and  only  if)  0<f</  2 ~ , then  one  of  the  values  of  H „ 

res  . 
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will  be  lees  than  n,  while  the  other  will  ezoeed  n. 

Equations  (20a)-(20d)  are,  of  course,  all  mathematically 
equivalent,  but  indicate  the  different  points  of  view 
discussed  above. 

It  may  be  of  interest  to  observe  the  asymptotic  be- 
havior of  the  elastic  defleotions  as  the  natural  frequencies 
of  the  hub  and  of  the  fuselage  become  infinitely  large, 
i.e.  as  the  hub-fuselage  structure  becomes  infinitely  stiff. 

As  H— ->  as  , it  follows  from  equations  (I6a)-(l6f)  that 
e,  and  e.  — *0.  Moreover,  as  H—^eo  while  f is  fixed, 

Jk  X A X J 

and  hence  CD  — * o%  equations  (I7a)-(l7f)  imply  that  e. 

/ ** 
and  e^#  — >0.  These  results  are,  of  course,  to  be 

anticipated  on  physical  grounds.  However,  if  Op  (instead  of 

f)  is  fixed,  then  as  H — >eo,  it  follows  from  equations  (l?b) 

and  (I7d)  that 

(e  •)  li—  * 

2x  H— >eo  2m1il2  n2(l+M)-<f  2(lf|) 

**ls  *H>oo  * 2+  M . 

H->  oo  J 

Relations  (21)  indicate  that  with  the  fuselage  natural  fre- 
quency parameter  fixed,  the  vibrations  due  to  a harmonic 
force  normal  to  the  plane  Of  rotation  will  approach  a 
finite  (i.e.  non-zero)  magnitude  as  the  hub  natural  fre- 
quency becomes  indefinitely  large.  This  result  can  be 
explained  by  noting  that  in  this  case,  sines  (p  is  fixed,  the 
fuselage  elastic  stiffnesss  does  not  at  the  same  time  also 
become  indefinitely  large. 

It  may  be  observed  from  equations  (I7a)~(l7f)  that  in 
the  special  case  of  GJ>  = y(=n),  i.e.  n XI  , the  response 

of  the  hub-fuselage  structure  to  a harmonic  force  (of  fre- 
quency n Jfi  ) normal  to  the  plane  of  rotation  will  be 
Independent  of  H,  i.e.  independent  of  the  hub  stiffness.  Hence 
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resonance 

cannot 

oc 

vanishing 

valud 

of 

(17b)  and 

(I7d) 

yie 

( / 

®2x 

) 

<jP  =n 

ts 

<•1.  > 


‘1  s 

T 


■ inZ  nz 


(22) 


( 2 ) 

\ 2 + M J 


In  this  case,  therefore,  as  also  in  the  case  H — >«e  with 
(jp  fixed  (cf.  equations  (21)),  point  2 (Figure  1)  will  hare 
an  amplitude  of  deflection  slightly  greater  than  that  of 
point  1. 

It  is  interesting,  finally,  to  note  that  for  an  external 
harmonic  force  acting  normal  to  the  rotor  plane  of  rotation, 
a condition  exists  under  which  the  elastic  vibrational 
motions  of  the  hub-fuselage  structure  will  occur  only  in  the 
plane  of  rotation.  From  equations  (17d)-(l7f)  it  is  seen 
that  this  will  occur  when 


2(n2-  f 2)  - MH2  = 0 


or 


(23) 


When  equation  (23)  ie  satisfied,  then  since  only  and 

e^'  will  not  vanish  (cf.  efuations  ( 17a)-(  17f )),  the  forced 
elastic  vibrations  of  the  hub-fuselage  due  to  a harmonic 
force  (of  frequency  n -O.  ) normal  to  the  plane  of  rotation 
will  consist  only  of  vibrations  of  points  2 and  3 (fuselage- 
hub  connections,  Figure  1)  in  the  plane  of  rotation. 


r 


numerical  Examples 


To  illustrate  more  explicitly  the 
Sent  analysis,  numerical  examples  will 


results  of  the 
be  worked  out. 


pre- 

based 
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on  the  following  data,  which  le  fairly  typical: 
n = 3 ( three-hladed  rotor) 

* 9.3®  slugs  (=300  lhs . ) 
fl  b 28  rad./eec.  (=268  r.  p.  m.) 

M = 0.15 

It  will  "be  assumed,  moreover,  that 

F,  = 400  lhs.,  = 1000  lhs. 

1 2 

The  values  for  F^  and  F ^ used  here  are  based  on  the  theor- 
etical results  of  the  numerical  example  carried  out  in 
reference  1 for  the  forces  transmitted  hy  the  blades  to  the 
huh  in  flight.  [For  a three-hladed  helicopter  of  gross 
weight  4660  lhs.,  it  was  found,  in  fact,  that  a net  harmonic 
force  of  magnitude  400  lhs.  (and  frequency  3 XL  ) would 
he  transmitted  in  the  direction  normal  to  the  plane  of 
rotation,  while  a net  harmonic  load  of  magnitude  1^54  lhs. 
would  he  transmitted  in  the  plane  of  rotation.]  Since  the 
amplitudes  of  the  vibrations  are  directly  proportional  to 
F^  an<I  F^,  it  follows  that  for  any  values  of  F^  and  F^ 
other  than  those  assumed  in  the  present  examples,  the 
deflections  can  he  readily  obtained  from  those  to  be 
given  here. 

Since  the  largest  deflections  (in  absolute  value)  in 
these  examples  will  he  ie^xl  due  to  the  force  (given  hy  F^) 
in  the  plane  of  rotation,  and  |e.  ' | due  to  the  force 
(given  hy  F^)  normal  to  the  plane  of  rotation,  only  these 
two  quantities  need  he  considered  here  in  detail. 

From  equation  (16a),  it  follows,  with  the  present 
data,  that 

1 . 240  inches  (24) 

e It  = 2 

A H - 7.81 


Equation  (?4)  for  |e^x|  vs.  H is  plotted  in  Figure 
interesting  to  compare  these  results  with  those  of 
4,  which  are  based  on  a different  type  of  analysis 
in  reference  4 corresponding  most  closely  to  the  p 

structure  treated  here  is  probablyfl  / jfl  = 0 (in 

* / 7 


2.  It  is 
reference 
. The  case 
lane 
the 
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notation  of  reference  4),  i.e.  infinite  stiffness  in  a dir- 
ection normal  to  the  plane  of  the  structure.  Equation  (24) 
is  seen  to  have  the  same  form  as  the  expression  for  huh 
response  in  Figure  4 of  reference  4t  and  the  resonance  con- 
dition based  on  equation  (24),  namely  Hre8=  2.79,  i8  seen  to 
he  almost  equivalent  to  that,  namely  H = 2.72,  of  reference 
4.  The  amplitudes  of  deflection  a re  considerably  greater  here 
than  in  reference  4,  but  this  is  due  to  the  fact  that  the 
numerical  results  here  are  based  on  a much  larger  external 
harmonic  force  (F^*  1000  lbs • ) than  that  assumed  in  refer- 
ence 4 (where  a load  of  50  lbs.  per  blade  in  the  plane  of 
rotation  is  assumed, so  that  F g®  (3/2)  x 5®  ~ 75  lbs.).  If 
the  deflections  in  Pigure  2 are  multiplied  by  75/IOOO,  then 
the  deflections  will  be  found  to  be  of  the  same  order  of 
magnitude  as  those  in  reference  4f  with  the  present  results 
indicating  a somewhat  smaller  response. 

Substitution  of  the  data  assumed  here  into  equation 
(I7d)  yields: 

„ / = g.40 5 2(9-  9 1-Q.15H2 inches  (25a) 

1.07592)-  f2) 


is 


H 


(10.35  - 


In  terms  of  the  fuselage-hub  natural  frequency  ratio 
f(  = <p/H),  equation  (25a)  can  be  written  in  the  form: 

e / = 0#305  .l±%UiZ  l inches  (25b) 

12  * 10.35  - f2(9-l. 075H2 )-( 81/H2) 

Equations  (25a)  and  (25b)  for  je^^  | as  a function  of  H for 
various  fixed  fuselage  natural  frequencies  (fixed  <f>  ),  and 

as  a function  of  H for  various  fixed  fuselage-hub  natural 
frequency  ratios  (f),  are  shown  plotted  in  Figures  3 and 

4,  respectively.  The  resonance  conditions  are  also  tabu- 

* * 

lated  there  . 


As  shown  explicitly  in  reference  1, 
only  to  drag,  but  also  to  Coriolis, 
trifugal  components. 

* * 

One  of  the  choices  for  f in  Pigure 
was  made  on  the  basis  of  supposing 
equations  (7)  and  (8). 


this  force  is  due  not 
lift,  inertia  and  cen- 

4,  namely  f 2M  , 
kj,=k^,  and  comparing 
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Conclusion* 


By  using  a simple  model  to  represent  the  helicopter 
huh  and  fuselage,  an  analysis  has  been  made  of  the  hub- 
fuselage  response  to  harmonic  forces  transmitted  in  flight 
by  the  rotor  blades  to  the  hub  both  in,  and  normal  to, 
the  plane  of  rotation.  The  expressions  derived  for  the 
amplitudes  of  the  forced  vibrations  both  in  and  normal 
to  the  plane  of  rotation  are  particularly  simple,  and 
are  very  convenient  for  ealeulat ions . The  resonance 
conditions  thus  derived  are  also  quite  simple.  The 
pertinent  non-dimensional  parameters  arei  the  number  of 
blades  (n),  the  ratio  of  hub  natural  frequency  ie  rotor 
angular  speed  ) , the  ratio  of  fueelage  natural 

frequency  to  ret  or  -speed  (<p=Wf/jCL)  and  the  ratio  ;.ot  blade 
and  pylon  mass  to  half  of  the  fuselage  mass  ( ) . 

The  vibration  amplitudes,  moreover,  are  proportional,  to 
(T/m^  XL  2) , where  F donates  the  amplitude  of  the  exciting 
harmonic  force.  The  vibrations  due  to  a force  in  tihe 
plane  of  rotation  are  independent  of  the  fuselage  natural 
frequency  parameter  ( <?). 

Despite  the  simplicity  of  the  physical  structure 
analysed,  and  of  the  final  analytical  expressions,  the 
results  of  a typical  numerical  example  haeod  on  the  pre- 
sent analysis  agree  well  with  those  based  on  a considerably 
different,  and  somewhat  more  Involved,  type  of  analysis 
for  the  hub  response  in  the  rotor  plane  of  rotation  due 
to  exciting  harmonic  forces  In  this  plane. 

As  an  extension  of  the  present  analysis,  a space- 
framework  type  of  structure,  instead  of  the  plane  struc- 
ture treated  here,  can  be  assumed  as  a physical  model 
of  the  hub-fuselage.  In  this  manner  it  would  be  possible 
to  take  into  account  the  effect  of  the  actual  rotation 
(df.,  for  example,  reference  l)  of  the  harmonic  force 
transmitted  by  the  rotor  blades  to  the  hub  in  the  plane 
of  rotation. 
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FIG.  2 

RESPONSE  OF  HUB  TO  HARMONIC  FORCE 
IN  PLANE  OF  ROTATION 
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FIG.  3 

RESPONSE  OF  HUB  TO  HARMONIC  FORCE  NORMAL 
TO  PLANE  OF  ROTATION  FOR  FIXED  NATURAL 
FREQUENCIES  OF  FUSELAGE 
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FIG.  4 

RESPONSE  OF  HUB  TO  HARMONIC  FORCE  NORMAL 
TO  PLANE  OF  ROTATION  FOR  FIXED  RATIOS 
OF  FUSELAGE  TO  HUB  NATURAL  FREQUENCIES 
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